ABSTRACT. Multifunctions F: X -> 2M are studied where X C M is either a compact acyclic finite-dimensional ANR or a compact acyclic lc subspace. Conditions are found for the existence of v such that d(v, Fv) = d(X, Fv) and, also, for the existence of fixed points.
Introduction
and preliminaries. In [7] , McClendon proved variations of Ky Fan's minimax inequality in [5] . His main idea is the weakening of "convex" to "contractible" or "acyclic". He used his results to obtain some variational inequalities and fixed point theorems on a function /: X -► (M,d) with a condition on the "boundary", where X C M is either a compact acyclic finite-dimensional ANR or a compact acyclic lc subspace.
In the present paper, we generalize these fixed point theorems to a multifunction P: A -► 2M with a more general condition than the one on the "boundary". Actually, we give a number of equivalent formulations of such fixed point theorems in general setting.
We begin with the following two results of McClendon [7, Theorems 3.1 and 3.2]. THEOREM 1.1 [7, THEOREM 3.1] . Suppose that X is a compact acyclic finitedimensional ANR. Suppose p: X x X -* R is a function such that (a) {{x,y)\p{x,x) > p(y,x)} is open in X x X, and (b) {y[p(x, x) > p(y, x)} is contractible or empty for all x G A. Then there exists a point v G A such that p(v, v) < p(w, v) for all w e X. THEOREM 1.2 [7, THEOREM 3.2] . Suppose that X is a compact acyclic lc space. Let p: X x X -> R be a function such that (a) p is continuous on the diagonal {(x,x)|x G A}, (b) p is l.s.c, (c) p(x, •) is u.s.c. for all x G X, and (d) {x|p(x,y) < s} is acyclic or empty for all s G R and y e X. Then there exists a point v G X such that p(v, v) < p(w, v) for all w G X.
REMARK. Due to McClendon's proof of Theorem 2.2 [7] it suffices to assume (d) for s = p(y, y) -6 fa), all n, where {Sfa)} is a sequence of positive reals converging toO._ A space is contractible if the identity map is homotopic to a constant, e.g., a nonempty convex set in a topological vector space (t.v.s.). A nonempty space is acyclic if it is connected and its Cech homology (with a fixed coefficient field) is zero in dimensions greater than zero. Note that every contractible space is acyclic, but not conversely.
A multifunction P: A -► 2Y is continuous if it is u.s.c. and l.s.c. ANR means ANR (metric). For the definition of a lc space, see [1, 8, 9] . Note that an ANR is an lc space and a finite union of compact convex subsets of a locally convex t.v.s. is an lc space. Let us denote d(y, Fx) = inf{d(y, z)\z G Px}.
We add one more variational inequality. PROOF. Define a multifunction P: A -» 2X by F(y) = {x[p(x,y) = P(y)} for each y G A. Since P is a closed-graph acyclic-valued multifunction, P has a fixed point v e X by Begle's result [1] , and v is a desired one. (ii) => (iii) Clear. (1) By putting P = T in (ii), if condition (1) holds, then P has a fixed point. (3) =s> (2). This completes our proof. REMARK. Corollary 2.1.1(4) is comparable to a well-known result that, if A is a compact acyclic ANR and P: A -> 2X\{4>} u.s.c. with Px acyclic for each x G A, then P has a fixed point (Eilenberg and Montgomery [3] ). However, the following example of Gwinner [6, p. 575] shows that the lower semicontinuity of P in Corollary 2.1.1 (1) is not dispensable.
EXAMPLE. Let A = {(c,0)|cG [0,1]} C R2 = M. Define P: A -2M\{<p} by P(c,0) =co{(l,l),(l,2)} if 0 < c < 1, P(l,0)=co{(0,0),(l,l),(l,2)}.
Then P satisfies the hypothesis of Corollary 2.1.1(1) except the l.s.c. of P. However, P has no fixed point.
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